The paper deals with modelling of spot rate process in the market for government securities in transitional economy. The case of the Russian Treasury bills market is taken as an example. We use three approaches to estimation of parameters of spot rate stochastic process: AR-GARCH time series models, GMM estimates and stochastic volatility models (QML estimates and Kalman filter). The most general conclusion is that pattern of spot rate process in transitional economy can be nested in existing theoretical model of term structure of interest rates. Estimated parameters of the spot rate process indicate that the Russian market for government securities by its features is closer to the European financial markets compared to the market for US Treasury bills. This conclusion is supported by estimates of parameters of the GKO spot rate stochastic process using both the GMM and QML estimates of spot rate nonlinear models. The Cox-Ingersoll-Ross 1985 model of term structure of interest rates is the most adequate for the Russian GKO market. The behaviour of the term structure of GKO yields in 1994 through 1998 did not contradict to theoretical conclusions from the model; analytical yield curves have satisfactory accuracy of approximation of actual GKO yield curves. The spot rate stochastic process is mean-reverting, but its variance although being stochastic does not exhibit mean-reverting property (according to Kalman filter estimates). The stochastic nature of spot rate volatility origins from different responses to 'good' and 'bad' news and a proportion to current spot rate level (but less than one by one).
Introduction
The goal of the study is modelling of spot rate process in the market for government securities in transitional economy. The case of the Russian Treasury bills market is taken as an example. We investigated the period before the Russian financial crisis in August 1998, as in its aftermath the market lost liquidity and has not recovered yet. A continuous time series on yields are available only for the pre-crisis period.
Specification of short-term spot rate stochastic process is a starting point in analysing term structure of interest rates. In a number of term structure models, spot rate is taken as state variable determined by economic fundamentals. Information on the form of spot rate process is sufficient to describe behaviour of the whole term structure of interest rats.
Analytical yield curves in any time can be uniquely derived from spot rate value at the given time. Since an exact form of the function is unknown in advanced, evaluation of stochastic process parameters has to be done empirically on basis of comparison across alternative theoretical and econometric specifications.
A great number of theoretical models o f term structure of interest rates have been developed in economic literature. We conditionally divided the models into four types 1 :
macroeconomic approaches 2 , factor stochastic models 3 , general equilibrium stochastic models 4 , arbitrage-free models 5 .
In the present study, the modelling of stochastic process of spot interest rates on the shortest Russian Treasury bills (GKO in Russian abbreviation) is based on different versions of factor and general equilibrium stochastic models. These models are aimed at deriving an term structure of interest rates on the basis of market-clearing assumptions and finding out a form of spot rate stochastic process, which can generate a plausible equilibrium term structure of interest rates. We do not consider macroeconomic approaches and arbitrage-free models, since those models are aimed at analysing of impact of economic policy shocks and solving derivative pricing problem, correspondingly, but are less suitable for solving our task.
§1. Data
The initial data for the study were taken from the database of the Russian Informational Agency Fimarket. We chose the yield to maturity on GKOs of one-week maturity (in annual terms) as an indicator of short-term spot rate at the Russian market for government securities (further -GKO spot rate, t r ). We consider weekly data for the period from the 12 th of September 1994 through the 14 th August 1998. The total number of observations is 205. The spot rate is calculated as continuously-compounded GKO yield to maturity, i.e.
where Pt -bill price in portions of unity.
In January 1997 the Russian State Duma adopted a law on taxation of income on government securities. That innovation should apparently affect prices of new issued bills.
The discount was taxed at fixed rate of 15%. Calculating yields on taxed GKO issues, we suppose that the bill is held all the term. Hence, the tax deducted is 15% of discount or 
The average-weighted spot rate for a week is determined by the formula:
where V -total trading volume on bills of maturity less than a week at secondary market during the current week, t r -continuously-compounded yield at day t, t V -trading volume on bill of maturity less than a week at day t.
Modelling of the GKO spot rate on the Russian government short-term bills meets certain difficulties and takes into account some assumptions which are to be specifically noted.
First, the time period of observation is less than four years. Thus, we review the data with week frequency in order to ensure a sufficient number of degrees of freedom in econometric models. At the same time, the majority of studies of term structure of interest rates and spot rate processes on the Western markets are based on monthly or quarterly data.
The higher frequency of observations may cause stronger influence of random noises and fluctuations in the market related rather to short-term variations of market liquidity, actions of individual large participants than to macroeconomic factors.
Second, high-frequent observations lead to gaps in actually observed data. Except of period between the second half of 1996 to 1998, one-week bills did not exist every week. In order to create continuous time series of the GKO spot rate we approximated the mixed values using adjacent observations.
Third, a majority of theoretical models of term structure is either based on the analysis of real interest rates, but, empirical studies of term structure of yields at developed and emerging markets deal with nominal rates. This is chiefly related to the fact that in developed countries inflation is low over short (monthly, quarterly) periods, and the transition to real ex post rates affects the general market pattern insignificantly, while the economic interpretation of real ex post rates is ambiguous. In case the hypothesis that the real rate is constant (in short run) is applied, the variation of inflationary expectations and risk premium randomise the dynamics of nominal interest rates thus making possible to model them as a stochastic process. Therefore, this study also deals with modelling of stochastic nominal GKO spot rate. §2. Methodology of spot rate stochastic process estimation
In theoretical models of term structure of interest rates a short-term spot rate is an indicator of instantaneous discount rate (marginal intertemporal substitution rate) for the market participants. Evidently, its dynamics should be rather smooth, its fluctuations are caused by changes in economic agents' preferences which could not alter too often. The assumed smoothing of spot rate process adds some inaccuracy in estimation, and goodnessof-fit statistics are usually low in the models.
Analysing term structure of yields on government securities, one should turn to the problem of division between nominal and real variables. All theoretical stochastic models of term structure of interest rates consider real riskless rate of interest. Since the term structure of real (ex ante) interest rates is not observable at each moment of time, empirical studies of yield curve take two different approaches.
According to the first one proposed by Brown and Dybvig 6 , a stochastic model of term structure of real interest rates is directly transformed in a model of nominal interest rates.
The authors assume that all properties of theoretical yield curve and inferences from the initial model are valid for nominal interest rates 7 . In addition, nominal bond yields definitely cannot be negative; the latter corresponds to a number of theoretical models (e.g., the Cox-Ingersoll-
Ross model).
The second approach is based on building a multifactor model. Besides the equation for nominal spot rate process, one consider a process of inflation rate or another indicator (e.g., exchange rate, which allows to analyse term structure of interest rates in real terms. This approach was used, e.g., by Richard and Dillen 8 .
To simplify the estimation, we follow the first approach, which is the most prevailing in empirical studies of financial markets in developed countries.
There are a number of alternative methods of estimation of parameters of a spot rate stochastic process:
1. Nonlinear parametric models estimated using maximum likelihood method 9 ;
2.
Nonlinear time series models with autoregressive conditional heteroskedasticity in residuals;
3. Nonlinear parametric models estimated using generalised method of moments;
4. Gaussian models 10 ;
5. Nonparametric models 11 ;
6. Stochastic volatility models 12 .
In the study we use the most widespread second, third and sixth approaches to estimation of parameters of spot rate stochastic process. Nonlinear time series models of short-term spot rates with autoregressive conditional heteroskedasticity in residuals are not straightforward related to any specification of spot rate stochastic process derived in theoretical term structure models. However, well-developed and widely known mathematical tools allow to consider this approach as one of the main methods of estimation of parameters of spot rate stochastic process. Fornari and Mele 13 compared econometric (on the basis of ARCH-GARCH models) and theoretical specification of the process. 16 . This method has a number of advantages, which make it the most appropriate for estimation of continuous spot rate processes.
First, the GMM does not require normal distribution of changes in spot rate process.
Asymptotically, the sufficient condition is stationarity and ergodicity of time series and existence of sufficient number of first moments. This property is of particular importance in our case, since each theoretical model assumes another distribution form of continuous spot rate process.
Second, GMM estimates and their standard errors are consistent even if residuals are heteroskedastic. Since estimating a continuous process using discrete observation, one meets a problem of data aggregation through time, which influenced the form of residuals distribution, that GMM property allows to reduce an impact of discrete approximation on standard errors of parameters estimates.
However, the GMM can be applied only to large samples, i.e. the aforementioned properties can be attained at large number of observations. In most cases GMM estimates are asymptotically efficient, but, they are hardly efficient at finite samples 17 .
An Table 1 ). The autocorrelation and partial autocorrelation function shown in (1)
Estimates of equation (1) are given in Table 2 . The Box-Ljung Statistics indicates that the residuals are not serially correlated, the Lagrange multiplier test does not reject the hypothesis on autoregressive conditional heteroskedasticity in residuals at 5% significance level (we omitted the results of both tests in the table). Therefore, we reveal the presence of conditional stochastic volatility in the GKO spot rate process. The next step is estimation of nonlinear models with conditional residual variance specified as different types of GARCH models.
We consider four specifications of equations of conditional residual variance including those presented in the paper by Fornari and Mele: 1) Generalised model GARCH(1,1) 
Estimates of equation (1) with autoregressive conditional variance of residuals in the forms (2)-(5) are given in Table 2 .
Our results enable to draw a number of conclusions concerning properties of the GKO spot rate stochastic process:
• Coefficients estimates of autoregressive terms in the main equation are positive in all models, the sums of coefficients are less than unity. Hence, the process is mean-reverting 20 .
• Estimates of coefficients in variance equations 1 > + β α in models (2) and (3).
Therefore, volatility of spot rate is non-stationary and rises with time 21 . The similar conclusion results from estimates of the component model, since the degree of convergence of temporary fluctuations of the variance to zero is 1 ≈ + β α .
• Asymmetric conditional variance models (depending on positive or negative value of residual) better fit the observed data than models with symmetric conditional variance.
• Negative value of coefficient estimate of the variable denoting asymmetric response means the presence of leverage effect. 'Good' news (negative residuals in the models) reduces the spot rate volatility with the leverage effect being proportional to squared residual value.
The latter is supported by statistically significant estimate of corresponding in the threshold model, whereas the coefficient estimate in the exponential model is statistically insignificant at 5% level. §4. Parametric nonlinear model estimated using GMM The estimates given above are estimates of parameters of discrete version of stochastic process modelled as an autoregressive time series model with autoregressive conditional variance of residuals. However, in theoretical models of term structure of interest rates the spot rate dynamics is specified as an continuous stochastic process:
where dz -the Wiener process increments, α, β, σ, γ -constants 22 .
Another discrete form of stochastic process (6) 
The parameters α, β, σ, γ are estimated using the GMM under given constraints. In Table 3 we present restrictions on values of stochastic process parameters (6, 7) imposed by alternative models of term structure of interest rates.
In our case the GMM orthogonality condition can be written as Table 4 .
The results enable to draw a number of conclusions concerning the pattern of the GKO spot rate stochastic process.
Comparative analysis of alternative stochastic models of term structure of interest rates shows (based on J-statistics) that there is only one specification of spot rate stochastic process which cannot be rejected for the Russian market at 5% significance level. This is the and spot rate cannot return to a starting value. The inference supports our assumption on presence of only a tendency to mean-reverting in the spot rate pattern, but, the spot rate can hardly revert to the mean value in case of intensive shocks.
The variance of the spot rate increments is proportional to square root of the spot rate level 26 . Therefore, as the level increases, the variance of the stochastic process rises too, and the process is non-stationary. However, the variance grows slower than the spot rate level.
That explains the lack of convergence in temporary (short-term) fluctuations of the variance in the component model.
Adequacy of the Cox-Ingersoll-Ross 1985 model to the Russian GKO/OFZ market is also supported by realisation of main theoretical inferences from the model concerning behaviour of the GKO yield curve. A rise in current spot rate induces an increase in yields to maturity on bills of all maturities, however, the impact on short end is stronger. An increase in long-term mean value of spot rate causes an increase in all yields, but the effect on long end of yield curve is stronger. These conclusions are supported by estimates of goodness-of-fit of analytical yield curves: in 70 of 205 observations the root-mean-square percent errors 27 are within 25%, and only in 42 cases the deviation makes up more than 50% of values of actual yield curve.
§5. Stochastic volatility models
Stochastic volatility models imply the spot rate following a two-dimensional vector stochastic process, which has stochastic terms both in spot rate increments and its volatility.
We consider two specification:
1) Kalman filter model 
The difference between the two approaches is that the first one assumes meanreverting volatility, while the second one refers to an extended version of GARCH model. 26 The estimates of models without constraints on parameter γ (the model without any constraints and the CoxRoss model) show that the estimated value of the parameter is close to 0.5. Estimation procedure for the model (8) Estimates of models (8) and (9) are given in Table 5 . The stochastic volatility models give some evidence on the presence of stochastic properties in the spot rate volatility. The spot rate parameters estimates in model (9) are close to the ones obtained by GMM method. Estimates of parameter g in the model is about 0.72; that is higher than in unrestricted GMM model and the Cox-Ingersoll-Ross model. However, it is still less than one and it means the volatility rises with spot rate, but less than proportional one by one.
We consider the QML parameters estimates as the true parameters of the process.
First, the specification of the process is more precise (the second autoregressive term is included). Second, we attribute the differences in estimates at least partly to statistical properties of the both methods. As our sample is not very large, the QML estimates are more efficient.
Conclusions
We have analysed dynamics of the GKO spot rate process. Our results infer a number of conclusions concerning the pattern of the GKO market development and behaviour of term structure of interest rates in the transition economy. The most general inference is that pattern of spot rate process in transitional economy can be nested in existing theoretical model of term structure of interest rates.
The Russian market for government securities by its features is closer to the European financial markets compared to the market for US Treasury bills. This conclusion is supported by estimates of parameters of the GKO spot rate stochastic process using both the GMM and QML estimates of spot rate nonlinear models. The Cox-Ingersoll-Ross 1985 model of term structure of interest rates is the most adequate for the Russian GKO market. Many studies showed that it works well in the European financial studies, but is likely to be rejected for the US Treasury bill market.
The behaviour of the GKO yield term structure in 1994 through 1998 did not contradict to theoretical conclusions from the model; analytical yield curves have satisfactory accuracy of approximation of actual GKO yield curves.
The spot rate stochastic process is mean-reverting, but its variance although being stochastic does not exhibit mean-reverting property (according to Kalman filter estimates).
The stochastic nature of spot rate volatility origins from different responses to 'good' and 'bad' news and a proportion to current spot rate level (but less than one by one). 
